We describe recent experimental triple-differential cross sections of ionization by the impact of both protons and positrons by means of a single, kinematically exact theory. This model incorporates all the interactions in the final state on an equal footing and keeps an exact account of the three-body kinematics. We show that these provisions make it possible to evaluate any multiple-differential cross section for any given mass configuration, and analyse how it changes with the relative masses of the three particles in the final state. We analyse the differences in the electron cusp formation by both heavy and light projectile impact at the double-differential cross section level.
Introduction
In the single ionization of an atom by the impact of a heavy ion, the momentum of the emitted electron is much more sensitive to the collision process and, therefore, easier to determine than that of the projectile or the target ion. Thus, for decades, the experimental study of these kinds of processes was practically restricted to the measurement of total, single and double-differential cross sections through the detection of the emitted electron alone. In addition, the theoretical description of these processes has assumed a simplification of the three-body kinematics in the final state, based on the fact that both the projectile and the recoiling target nucleus are much heavier than the electron. For instance, a semiclassical formulation, widely employed in ion-atom ionization collisions, supposes that the projectile and the target ion evolve under the influence of their mutual interaction. The electron, assumed to be massless with respect to the other two particles, is influenced by them, but exerts no influence of its own. The problem is then to ascertain the motion of the electron alone, by means of a single-particle Schrödinger equation, with a time-dependent electron-projectile interaction. This formulation is similar to that introduced by Poincaré as the 'restricted' three-body problem in classical mechanics. Furthermore, since the internuclear interaction plays practically no role in the momentum distribution of the emitted electron, it has usually been switched off in the corresponding calculation (Jackson and Schiff 1953) . Thus, the overwhelming majority of the theoretical descriptions of ion-atom ionization use an impactparameter approximation, where the projectile follows an undisturbed straight-line trajectory throughout the collision process (Stolterfoht et al 1997) . Certainly, the comparison with the available experimental electron double-differential cross section (DDCS) widely supports this hypothesis. However, recent improvements in experimental techniques have provided new data on the recoil-ion and projectile DDCS which cast serious doubt on the validity of this approximation (Rodríguez 1996 , Schulz et al 1996 . Furthermore, the development of the cold-target recoil-ion momentum spectroscopy (COLTRIMS) technique offers the possibility of performing kinematically complete collision experiments, obtaining multiply differential cross sections (Dörner et al 1995) . The advent of these new data has shown that any serious attempt to evaluate magnitudes related to the projectile scattering has to include the internuclear interaction (Rodríguez and Barrachina 1998) , a condition that most of the available quantummechanical descriptions of ion-atom ionization collisions do not fulfil.
In certain aspects, this situation is similar to that which occurred a decade ago regarding the ionization of atoms by light projectiles (electrons and positrons), where the wide distribution of the scattering angle allowed earlier measurements of multiple-differential cross sections with the coincident detection of the two light particles (Ehrhardt et al 1985) .
Theoretically, for electron-atom ionization collisions another restricted three-body problem has usually been assumed, where one of the particles, heavier than the other two, remains at rest during the collision. In spite of this approximation, the theoretical description of these systems has shown the importance of treating all of the interactions in the final state on an equal footing (Brauner et al 1989) . Here we adopt this idea though without performing any approximation on the particle masses. We present a full quantum-mechanical treatment that enables us to deal simultaneously with ionization collisions by impact of both heavy and light projectiles. Furthermore, since we are interested in describing the three-body problem in very general terms, no a priori supposition is made on the relation of masses between the projectile, the residual target and the electron. Thus, it would be possible to analyse how any given feature of any multiple-differential cross section changes when these mass relations go from one restricted kinematical situation to the other.
In this work we apply this approach to explain recent experimental data on electron capture to the continuum (ECC) by proton impact at large projectile scattering (3.7
• -8.1
• ) (Sarkadi et al 1998) , which no previous quantum-mechanical approximation has described satisfactorily. We also show that the same approach is able to model recent experimental results on ECC by positron impact (Kövér and Laricchia 1998).
The paper is organized as follows. First, we review three-body kinematics, emphasizing the exact relationship between centre-of-mass and laboratory coordinates. In section 3 we briefly present the theoretical model. In sections 4 and 5, we analyse the ECC cusp in the triple-differential cross section by impact of protons and positrons, respectively. Finally, we discuss the cusp formation in the ionization double-differential cross sections, pointing out the differences between proton and positron impact.
Three-body kinematics
Let us consider the collision of a projectile of mass M P , charge Z P and velocity v (impulse P = M P v) with a two-particle target of mass M T +m initially at rest in the laboratory reference system. Without any loss of generality we shall consider that m M T . The total energy is given by E Lab = M P v 2 /2 + ε i , where ε i is the internal energy of the target. By extracting the constant energy Mv of the whole system of mass M = M T + M P + m, we obtain the energy in the centre-of-mass reference frame
is the reduced mass of the initial projectile-target configuration.
In the centre-of-mass reference system, the three-body problem can be described by any of three possible sets of Jacobi coordinates (Macek and Shakeshaft 1980) ,
as shown in figure 1 . In our notation, r T , r P and R N are the position vectors of the particle of mass m relative to the recoiling target fragment T, the projectile P and the centre of mass of T + P, respectively. R P is the position vector of the centre of mass of m + P relative to T; and r N and R T are the coordinates of P relative to T and the centre of mass of m + T, respectively. These Jacobi coordinates are related by x j = M j x , for j, = T, P or N, with
These pairs of coordinates diagonalize the free Hamiltonian H 0 in the centre-of-mass reference frame.
In momentum space, the system is described by the associated pairs
where the superscript t indicates the transposition of the matrix elements.
Switching back to the laboratory reference frame, k, K R and K are the final momenta of the electron of mass m, the (recoil) target fragment of mass M T and the projectile of mass M P .
In mass-restricted problems, it is assumed that the target nucleus remains motionless throughout the collision. Additionally, in the Poincaré restricted problem the projectile momentum K is bound to remain fixed at its initial value M P v. Consequently, the electron momentum is identified either with the Jacobi electron-target momentum, k ≡ k T , or with the electron-projectile momentum, k ≡ k P + mv. In particular, the electron double-differential cross section dσ/dk is assumed to be equal to either dσ/dk T or dσ/dk P . However, this is not generally valid for any mass configuration. One of the main features of the present formulation is that we are not neglecting any α, β or γ terms. In our approach these parameters can be changed arbitrarily from very small to very large numbers in order to cope with any possible mass configuration. However, each momentum in the laboratory reference frame can still be written in terms of a given Jacobi impulse K j as
so that, for instance, dσ/dk = dσ/dK N . In general, the multiple-differential cross section for ionization collisions in the impulse of the particles can be written in terms of the Jacobi impulses (j = T, P or N),
Here (atomic units are used throughout)
where t if is the transition matrix element. We have defined the reduced masses of each twoand three-body system
In this paper we evaluate the triple-differential cross section, obtained by integration on
with k = k 2 /2m and
Theoretical model
The transition matrix element to be used in (3) and (4) 
The state i includes the free motion of the projectile and the initial bound state i of the target. V i is the interaction of the incoming projectile with both particles of masses m and M T in the target.
In order to be consistent with our full treatment of the kinematics, it is necessary to describe the final state − f by means of a wavefunction that considers all the interactions on the same footing. Complex correlated wavefunctions have recently been derived for systems where one of the masses is much larger or smaller than the other two (Gasaneo et al 1997 , Colavecchia et al 1998 . However, in this work we are much more interested in stressing the importance of avoiding any kinematic restriction than in discussing the benefits of using a sophisticated approximation of the final three-body state. Thus, we resort to a correlated C3 wavefunction Miraglia 1980, Brauner and Briggs 1986 ) that has been extensively employed by other authors in calculations widely supported by the available experimental evidence of atomic ionization collisions by electron and ion impact,
Here, N(ν j ) = (1±iν j )e −πν j /2 is the normalization of the two-body continuum wavefunction and ν j = m j Z j /k j is the Sommerfeld parameter. This wavefunction was shown to be an exact solution of the ionization channel in all asymptotic regions of the space (Brauner et al 1989, Kim and Zubarev 1997) .
This model was first introduced by Garibotti and Miraglia in 1980 for the evaluation of the electron momentum distribution in ion-atom ionization collisions. In particular, they stressed the importance of establishing a complete symmetry between the three particles in the final state. However, for the actual calculation, they made extensive use of the Poincaré restricted three-body problem and neglected the matrix element of the interaction potential between the incoming projectile and the target ion. In addition, these authors made a peaking approximation to evaluate the transition matrix element. This further approximation was removed in a paper by Berakdar et al (1992) , although they kept the mass restrictions in their ion-impact ionization analysis. These approximations were certainly sound for the study of the electron doubledifferential cross section (DDCS) in ion-atom collisions, and fully supported by the available experimental data. Relying on this evidence, further calculations of the electron DDCS were mostly based on an impact-parameter approximation, where the projectile was assumed to follow an undisturbed straight-line trajectory throughout the collision process (Stolterfoht et al 1997) .
Nevertheless, it is clear that this approximation fails for the evaluation of magnitudes related to the projectile scattering. Recently, Schulz et al (1996) have made a systematic measurement of the ionization cross section double differential in the projectile energy loss and scattering angle up to a few milliradians. Good agreement with these experimental data is achieved even within the impact-parameter approximation by means of an eikonal phase that incorporates the internuclear interaction (Rodríguez and Barrachina 1998) . However, this method does not work in situations where the projectile is scattered at larger angles. This is the case, for instance, of recent measurements of the electron momentum distributions in coincidence with non-0
• ion scattering by Sarkadi et al (1998) . The large projectile scattering angles involved in this experiment rule out any model based on impact-parameter formulations. Even an incomplete inclusion of the internuclear interaction, through an eikonal phase or a broken-line trajectory (Sarkadi et al 1998) , has been shown to be inadequate. It is clear that complete inclusion of the interaction potential between the incoming projectile and the target ion is required in order to overcome the failure of previous calculations in the description of ion-atom ionization collisions where the projectile is scattered at angles beyond a few milliradians. This term has, in fact, been included for the description of electron-atom and positron-atom (Brauner et al 1989 , Berakdar and Klar 1993 , Berakdar 1996 , 1998 , Jones and Madison 1998 , and proton-atom (Berakdar et al 1992) ionization collisions, within the C3 approximation. However, in all of these cases the kinematics of the problem was simplified, as discussed in the previous section, on the basis of the large asymmetry between the masses of the fragments involved.
Our objective is to generalize these results for arbitrary relations between the masses of the particles. These restricted kinematic approximations are reliable in many situations of interest in atomic collisions where one of the three particles in the final state is considered to be much lighter or heavier than the other two. However, in the next section we shall describe some recent experiments where the deflection of a heavy particle plays an important role. In fact, we will show that, in these problems, the kinematics of the problem is as fundamental a part of the theory as the wavefunction employed.
The experiments that we describe in the following section involve more than three particles. Thus we reduce their kinematics to that of a three-body system by considering that only one electron is ionized, while the rest of the electrons in the atom remain unperturbed. The ionization cross section is multiplied by the number N i of active target electrons with binding energy i . In this independent-electron model, the potential V i of the initial channel may be decomposed as the sum of the interaction V P of the projectile with the active electron and with the residual (complex) target V N . With this separation, the transition-matrix element reads t if = t P + t N , with t j = − f |V j | i (Berakdar et al 1992) . While the projectileelectron interaction V P is given exactly by the Coulomb potential V P = −Z P /r, we use an approximate expression for the interaction of the projectile with the residual target. Here we model the H 2 molecule as a hydrogenic atom with an effective charge given by the binding energy of the molecule Z T = (2m T ε i ) 1/2 . Thus, the internuclear interaction is given simply by V N = Z P Z T /r N . In the case of atomic targets, we describe the interaction of the projectile with the residual target by using the Hartree-Fock potential,
Here Z T is the nuclear charge of the target and the constants η and ξ are fixed by energy optimization. For argon, these constants read Z T = 18, η = 3.50 and ξ = 0.957 (Garvey et al 1975) .
Electron capture to the continuum by proton impact
One of the most interesting features of the velocity spectrum of target electrons emitted in ion-atom collisions is a cusp-shaped peak observed when the electron velocity matches that of the projectile (Crooks and Rudd 1970) . This 'electron capture to the continuum' (ECC) effect can be viewed as an extrapolation across the ionization limit of capture into highly excited bound states. However, while this latter effect was observed and studied at non-forward ionscattering angles (Horsdal-Pedersen et al 1983), its continuum counterpart did not receive similar attention. The small magnitude of the triple-differential cross section (TDCS) and the requirement of a coincidence set-up had delayed any experimental advance in this direction. Only recently has the first observation of an ECC cusp for non-0
• ion scattering in Ar ionization by 75 keV proton impact been reported (Sarkadi et al 1998) . In this experiment, the H + + Ar ionization TDCS, dσ/dE e d e dθ P , at θ P = 3.7
• , 5
• and 8.1
• proton scattering angles were measured. The large projectile scattering angles involved in this experiment rule out any of the previous quantum mechanical models for ionization based on impact-parameter formulations, and are completely out of the range of validity of the eikonal approximation. In particular, this latter approach deals with the projectile-target interaction by calculating the T -matrix element in the usual mass approximation and correcting it, a posteriori, by reintroducing an eikonal phase (Salin 1989 , Rodríguez 1996 . Despite its success in reproducing some recent experimental results (Rodríguez and Barrachina 1998) , this method only works in situations where the projectile is not scattered beyond a few milliradians, which is not the case studied by Sarkadi et al (1998) .
In figure 2 we compare our present results with experimental data from Sarkadi et al (1998) . We kept an exact treatment of the three-body kinematics, and modelled the projectiletarget interaction by the Hartree-Fock potential for argon (Garvey et al 1975) . A Coulomb continuum wavefunction, with an effective charge given by the first ionization energy of the argon atom, was considered for the final state. We also employed a hydrogenic wavefunction for the initial target.
The theory was convolved with the reported experimental resolutions, implying a multiple integration on the projectile and electron angles, and the electron energy. This procedure leads to extremely long computing times within the C3 approximation for the heavy projectile case. Thus, in order to make the calculations feasible, we appealed to a simplified model, where the hypergeometric function 1 F 1 (r T ) in (5) is set to one. This approximation is equivalent to considering the T-e continuum wavefunction as a plane wave while keeping the important Coulomb normalization factor.
The formation of an ECC cusp is observed when the projectile and the electron end up with the same velocity. We should point out that the convolution process smears out the divergence and also enhances the asymmetry of the cusp. Our results reproduce well the experimental data at θ P = θ e = 3.7
• , but underestimate the absolute value for larger angles by factors of three (θ P,e = 5.0
• ) and nine (θ P,e = 8.1
• ). In spite of this, the shape of our calculations follows very well that of the measured TDCS, rivalling the classical-trajectory Monte Carlo (CTMC) model, and improving the previous calculations based on the distortedwave Born approximation with 'broken-line' projectile trajectories (DW-BL) (Sarkadi et al 1998) .
In figure 2 (b) we compare our theory with experimental data where the electrons emitted at 0
• were detected in coincidence with the protons scattered at 6.8
• (Sarkadi et al 1998) . The agreement with this experiment is excellent, enabling us to compare this situation with the truly ECC effect at θ e = θ P = 6.8
• (which was multiplied by a factor of nine, as stated above). We see that neither our model nor the experimental results show any structure in the forward direction. Thus, our theory overcomes the failure of previous broken-line distortedwave calculations in Sarkadi et al (1998) that predicted an ECC peak at 0
• even if the projectile were scattered at a large angle. This means that the so-called 'precollision cusp' appears to be only an artefact of previous broken trajectory models, which is not borne out by our full quantum mechanical description. We should point out that the use of the proper three-body kinematics underlies this good agreement. Also the fact that the internuclear interaction is fully accounted for in both the perturbation V i and the final-state wavefunction is essential for this success. No other semiclassical or eikonal description of the projectile movement would be able to deal with these kinds of experimental results.
Electron capture to the continuum by positron impact
Although the ECC structure has been known for almost 30 years in ion-atom collisions, its appearance in other collisional systems was largely ignored. In fact, for positron impact, the observation of a cusp-like structure associated with electron capture into a low-lying continuum state of positronium, while predicted more than a decade ago (Brauner and Briggs 1986) , remained a controversial issue (Bandyopadhyay et al 1994) until being settled by very recent coincidence measurements in collision of positrons with H 2 molecules (Kövér and Laricchia 1998). The reason for this dispute was that, in contrast to the case of ion impact, the positron outgoing velocity is not similar to that of impact, but is largely spread in angle and magnitude. In general, due to the comparable masses of the projectile and the emitted electron, the collision dynamics in ionization processes by light projectiles differs considerably from that of heavier projectiles. While in the latter case, the projectile follows an almost straight-line trajectory, a large amount of momentum of a light projectile is transferred to the electron and target nucleus. These experimental results, together with those obtained by Sarkadi et al (1998) , represent a stringent tour de force for our theory and set the ground for a comparative study of ionization collisions by heavy and light projectiles, contributing to the understanding of their basic features.
In figure 3 we compare our C3 model calculations (convolved with the experimental resolution) with the TDCS measured at θ e = θ P = 0
• by Kövér and Laricchia (1998) for the ionization of H 2 molecules by 100 eV positron impact. We also show in figure 3 the TDCS calculated using the same approximated wavefunction that we used to obtain the curves in figure 2. Although some small differences, which increase at lower energies, are observed between both theories, the simplified model also gives a good account of the experimental data, highlighting the importance of a correct treatment of the kinematics.
Since the target recoil plays no significant role in this experimental situation, our general theory gives similar results to those quoted by Berakdar (1998) , closely following the experimental values. The ECC peak is not so sharply defined because of the convolution that accounts for a window in the positron and electron detection. In similar conditions, the peak would look sharper for ion impact due to the much smaller deflection probability of the projectile. Figure 4 shows calculations of the TDCS for H 2 ionization by positrons of 50 eV at 0
• . The inset shows the data convolved with the same experimental resolution as in figure 3 . We can observe two remarkable features in the spectrum, the first being the ECC cusp at E e = 1 2 (E − |ε i |) ≈ 17.3 eV. The convolution smears it out, shifting it to a lower energy (about 16.5 eV). The second one is a feeble maximum located at E e ≈ 2 eV, due to a binaryencounter mechanism where the projectile strikes the electron without further intervention of the target nucleus.
Formation of cusps in the electron momentum distribution
In the previous sections we discussed recent coincidence measurements of target ionization by protons and positron impact, in the direction of emergence of the projectile. When these TDCSs are integrated over the projectile deflection angle in order to isolate the electron momentum distribution, the cusp is almost completely washed out for positrons, but remains for proton impact. This is clearly seen in figures 5 and 6. To understand this result, we have to take into account that the electron DDCS dσ/dk is not directly associated with the DDCS dσ/dk P in the relative electron-projectile momentum. In point of fact, by recalling the relation k = mv CM + K N from (1), we obtain where k N is given by energy conservation,
Thus, the presence of an ECC divergence in the multiple-differential cross section dσ/dk P dK P at k P = 0 does not automatically mean that there will be a similar cusp in the electron DDCS dσ/dk. It can be shown that instead of being concentrated at a given point in momentum space, any fingerprint on dσ/dk of a structure at k P = 0 is spread on the surface of a sphere given by
This effect can be observed in figure 5 , for the ionization of helium by the impact of 870 eV positrons, as a rather mild ECC structure along a circle centred at v CM ≈ 0 with radius
In fact, a cusp structure concentrates at one point in momentum space only for certain particular relations between the masses of the three particles in the final state. For instance, in an ion-atom ionization collision, the projectile follows an almost undisturbed trajectory, and the velocity distribution of the ejected target fragment displays a cusp structure at the projectile's initial velocity, as shown in figure 6 . In the electron momentum distributions for both proton and positron impact, we also see a cusp structure at k = 0. This so-called soft-collision peak is related to the interaction of the emitted electron with the residual target ion, which produces a divergence of the multipledifferential cross section at k T = 0. In the collision, the momentum transferred from the projectile to the target is barely enough to reach a small-energy continuum state. Since m M T , the residual target ion remains practically at rest while the electron gets all the movement. Thus its single-particle DDCS displays a cusp structure at zero velocity in the laboratory frame. Were both target fragments of comparable masses, the soft-collision peak would be spread to a great extent in angle and energy.
Conclusions
We see that the simple prescriptions followed in this work, i.e. treating all the interactions on an equal footing while keeping an exact account of the three-body kinematics, have allowed us to obtain a theory that provides a very good account of the ionization process by both proton and positron impact, even though they represent two opposite mass configurations. In particular, it gives a correct description of the ECC peak by ion impact at non-0
• electron emission angles. Our approach avoids the appearance of any unrealistic 'precollision cusp' for proton impact, observed with previous broken-line distorted-wave models. Additionally, our theory allows us to obtain with equal ease cross sections differential in the electron, the projectile and the recoil momentum.
